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KOMOLeGICAL MIRROR SYMMETRY FOR CUSP SINGULARITIES
                          ATSgS}II TAKAXASXI
                      1. StlrATEMENT AND THE RESULT
     We associate two triangulated categories to a triple A ;mm (dvi, dv2, a3) of positive in-
tegers called a signature: the bounded derived category Dbcoh(XA) of coherent sheaves on
 a weighted projective line XA :ww IPk,,.,,., and the bounded derivad category DbFuk-'(fA)
 of the directed IPukaya category for a "cusp singularity" fA :me xcri + ya2 + za3 + g-ixyz,
 (g G { '). Here, we ceBsider fA as a tame paiynefniai if XA : = 1/eq ÅÄ l/a2 + l/ft3 - 1 År g
 and as a gema cf a helomorpkic f{ikcÅíigit if x.4 S g.
     Then, the ffemelogical Mirrfir Symmetrgi (ffMS] conjectsre foT cusp siRgu}grities
can be formu}ated as follews:
 Conjecture 1.1 ([Tl]). There should exist an equivalence of imangulated categories
                         ,Dbcoh(XA) tDbFuk-(fA)•
     Combining results in IG:L] with knowR resuks in singularky theory, one cak easi}y
 see tkat tke XMS ceajecture keld$ gt tke GretheRdieck greup level, i.e., tkeye is aE}
isomorphism
                  (Ko(Dbcoh(XA)),x + tx) .t (H2(YA,Z), -I),
 where YA denotes the Milnor fiber of fA.
     The HMS conjecture is shown if a3 == 1 (Auroux-Katzarkov-Orlov [AKO], Seidel
 [Sel], van Straten, Ueda, ...). Also the cases A :(4,4,2),(6,3,2), which correspond to
 two of three simple elliptic hypersurface singularities, are known ([AKO], [U], [T2], . . . ).
     The following is our main theorem:
 '[lrhoorem l.2. Asstime that a3 : 2 erA = (3,3,3). Then tke HMS conject#?-e helÅíis. ll
     'Iihe keys in Qur proof are; the reductioR of surface singu}arities te curve singu}a!-
 ities (the stable equivalence of FXikaya categories given in [Se2] section 17), the use of
 A'Campo's divide [Al][A2] in order to describe the Fukaya category, and mutationLg of
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exceptional collections (di自tinguishedbasis of vanishi 
devides for cusp singularities with α3 = 2 and also quivers with relations酪：sociatedto 
them. 
2. DEVIDES AND QむIVERSWITH RELATIONS 
2.1.χA > 0. After applying suitable mutations, we shall obtain the extended Dynkin 
quiver of type A ＝（αI，α2, 03) ( o denotes the ve此exto rem州 inorder to get the Dynkin 
quiver of the same type). It is known by [GL] that Dbcoh(XA) is equivalent to the derived 
category of extended Dynkin quiver of type A. 












2.2. XA壬0.Note that the number of vertices （古 川 lnornumber of the singularity) is 
given by α1÷α2十α3- l. 
xf1 + x~ + x5十Z向 X3（α1主的：
＼＼．．． 
x11 + x22 + x~ 十 X1X2X3 （αI，α2 ~ 4): 
ノ＼／＼／＼＼／＼ノ＼
-100-
4 ATSUSHI TAKAHASHI 
REFERENCES 
[Al] N. A’Campo, Le gro明 demonodromie du deploie附 ntdes singularites開oleesde courbes planes 
I, Math. Ann. 213 (1975), 1-32. 
[A2] N‘A’Campo, Real deformations and complex topology of plane 山内Esingularities, Annales de la 
faculte d号室sciencesd号ToulouseSer・6,8 no. 1 (1999), 5-23. 
[AKO] D. Auro山， L.Katzarkov品ndD. Orlov, Mirror symmetry of weighted proj削 iveplanes and their 
noncommutative deformations, Annals of Mathematics, 167 (2削8),867・943.
[GL] W. Geigle and H. Lenzing, A class of weighted projective curves arisi勾 in何presentationtheory 
of finite-dime削 ionalalgebras, Sin伊 larities,repres鴨川ationof品.lgebr凶， andv悦ぬrbundles (Lam-
br帆ht,1985), 9-34, Lecture Notes in Math., 1273, Springer, Berlin, 1987. 
{KSTl) H. Kajiura, K. S必toand A. Takahashi, Matrix Factorizatio削 andRepresentations of Qui開閉
II：勾'PeADE case, math.AG/0511155, Adv. in Math. 211, 327…362 (2007). 
[KST2) H. Kajiura, K. Saito and A. T：ぬahashi,Triangulated Categories of ma削zFactorizations for 
regular systems of weights with E: = -1，品rXiv:0708.0210.
fLP] H. Lenzing and J. A. de la Pena, Extended can関係ialgebras邸 dFuc.鋭部 singu必死ties,
a.rXiv:math/0611532. 
[OJ D. Orlov, Derived catego同esof coherent sheaves and triangulated catego附 sof singula丙ties,
arXiv:math/0503632. 
[S叫 P.SeidelをM例伽utvanishing cycles and mutation, Syr碍leεticGeometry and Mirror S伊imetr宮，
Proce吋ingsof the 4th KIAS Annual International Conference, World Scientific, 2001, 429-465. 
[Se2] P. Seidel, Fukaya categories and Picard-Lefschetz theory, to叩 pearin the ETH Lecture Notes 
series of the European Math. Soc. 
[Tl) A. T：法ahashi,Weighted Projective Lines Associated to Regular Systems of WeighおofDual Type, 
arXiv:0711.3906. 
｛叫ん Takahashi,Homological Mirror S抑制均forIsolated Hypersurjace Singularities in 印刷出ion
。時e,in preparation. 
[T3] A. T：凶tahashi,Weighted Projective Lines Associated to Maximally Graded Isolated Hypersurjace 
Singularities, arXiv::0711.3907. 
[U] K. Ueda, Homological Mirror S抑制tryand Simple Ellφtic Singularities, a.rXiv:math/0604361. 
DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, OSAKA UNIVERSITY, TOY” 
ONAKA OSAKA, 560心043,JAPAN 
Eィnailaddress: t誌誌鵠hi唾math.sci.osak呈－u.ac.jp
-101-
